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Derivation of the Hamiltonian

Classical equations of motion

Ileft = I0 sin(ϕ1) + CV̇ = I0 sin(ϕ1) + C
φ0

2π
ϕ̈ (1)

Iright = I0 sin(ϕ2) + C
φ0

2π
ϕ̈2 (2)

Itop = αI0 sin(2πf − ϕ1 + ϕ2) + αC
φ0

2π
(ϕ̈2 − ϕ̈1) (3)

Ileft = Itop = −Iright (4)

Lagrangian

L = L(ϕ1, ϕ2, ϕ̇1, ϕ̇2)

=
C

2

(
φ0

2π

)2

ϕ̇2
1 +

C

2

(
φ0

2π

)2

ϕ̇2
2 + α

C

2

(
φ0

2π

)2

(ϕ̇1 − ϕ̇2)2

+EJ cos(ϕ1) + EJ cos(ϕ2) + αEJ cos(ϕ1 − ϕ2 − 2πf) (5)

The Lagrange equations reproduce the classical eqations.

d

dt

{
∂L
∂ϕ̇i

}
− ∂L
∂ϕi

= 0 (6)

From the Lagrangian one can derive the canonical variables

q1 =
∂L
∂ϕ̇1

= C

(
φ0

2π

)2

ϕ̇1 + αC

(
φ0

2π

)2

(ϕ̇1 − ϕ̇2) (7)

q2 =
∂L
∂ϕ̇2

= C

(
φ0

2π

)2

ϕ̇2 − αC
(
φ0

2π

)2

(ϕ̇1 − ϕ̇2) (8)

ϕ̇1 =
1

C
(
φ0
2π

)2

1 + α

1 + 2α
q1 +

1

C
(
φ0
2π

)2

α

1 + 2α
q2 (9)

ϕ̇2 =
1

C
(
φ0
2π

)2

α

1 + 2α
q1 +

1

C
(
φ0
2π

)2

1 + α

1 + 2α
q2 (10)

With a Legendre transformation we get the Hamiltonian

H(q1, q2, ϕ1, ϕ2) = ϕ̇1q1 + ϕ̇2q2 − L (11)



H = 4
EJ(

2eφ0
2π

)2

(
1 + α

1 + 2α
q2
1 +

2α
1 + 2α

q1q2 +
1 + α

1 + 2α
q2
2

)
−EJ cos(ϕ1)− EJ cos(ϕ2)− αEJ cos(ϕ1 − ϕ2 − 2πf) (12)

From the canonical equations

ϕ̇i =
∂H
∂qi

(13)

q̇i = − ∂H
∂ϕi

(14)

one gets back the classical equations of motion (4).

Qubit Hamiltonian in the Charge Base

using

q1 = 2e
φ0

2π
n1 (15)

q2 = 2e
φ0

2π
n2 (16)

H = 4Ec
1 + α

1 + 2α
n2

1 + 4Ec
2α

1 + 2α
n1n2 + 4Ec

1 + α

1 + 2α
n2

2

−EJ cos(ϕ1)− EJ cos(ϕ2)− αEJ cos(ϕ1 − ϕ2 − 2πf) (17)

with

EJ =
Icφ0

2π
(18)

Ec =
e2

2C
(19)

cos(ϕj) =
1
2

(eiϕj + e−iϕj ) (20)

eiϕj |nj〉 = |nj + 1〉 (21)
e−iϕj |nj〉 = |nj − 1〉 (22)

ei(ϕj+k) |nj〉 = eik |nj + 1〉 (23)

ei(ϕj−k) |nj〉 = e−ik |nj − 1〉 (24)

〈m1,m2| − EJ cos(ϕ1) |n1, n2〉 = δm2,n2

−EJ
2

(δm1,n1−1 + δm1,n1+1) (25)

〈m1,m2| − EJ cos(ϕ2) |n1, n2〉 = δm1,n1

−EJ
2

(δm2,n2−1 + δm2,n2+1) (26)

〈m1,m2| − αEJ cos(ϕ1 − ϕ2 − 2πf) |n1, n2〉 =(
δm1,n1+1δm2,n2−1e

−i2πf + δm1,n1−1δm2,n2+1e
i2πf

) −αEJ
2

(27)



Labeling of the charge states:

|Q〉 = |n2 + (n1 − 1)N +
1
2

(N + 1)2〉 = |n1, n2〉 (28)

with
−nmax ≤ n1, n2 ≤ nmax N = 2nmax + 1 (29)

example for N = 3, i.e. nmax = 1

|1〉 = |−1,−1〉
|2〉 = |−1, 0〉
|3〉 = |−1, 1〉
|4〉 = |0,−1〉
|5〉 = |0, 0〉
|6〉 = |0, 1〉
|7〉 = |1,−1〉
|8〉 = |1, 0〉
|9〉 = |1, 1〉


